We show that in an MV-algebra Z, for each of the listed properties and its fuzzy analogue: implicative, prime, essential, weakly essential, and maximal, the following are equivalent: (i) the fuzzy ideal v has the fuzzy property, (ii) the level ideal Z,. has the property, (iii) the fuzzy ideal Zz, has the fuzzy property. It is shown that if a non-constant fuzzy ideal v of Z is fuzzy weakly essential and fuzzy prime, then it is either fuzzy essential or fuzzy weakly self-reflexive. This means that if a proper ideal I of Z is prime and satisfies I ~ C B(Z), then either 11 = {0} or I ±z = I. We establish a precise one-to-one correspondence between the set of fuzzy closed ideals of a quasi-commutative BCI-algebra and its set of fuzzy congruences, giving also a one-to-one correspondence between its set of closed ideals and its congruences.
I. Introduction
In this paper, X, Y,Z will always denote a BCI, BCK and MV-algebra, respectively. Also 2 will always denote a fuzzy closed ideal of X while/~ and v will always denote a fuzzy ideal of Y and Z, respectively.
In [13, 14, 17, 18] we obtained various results on fuzzy ideals of BCI, BCK and MV-algebras. In this paper, we systematize some of these results. Also we "fuzzify" some of the results in [20] . In [28] , Murali introduced the concept of fuzzy equivalence relations. We adopt his concept and consider fuzzy congruence relations on our algebras. We then establish results for these algebras that are analogous to the results for more traditional algebras. Finally, we consider the question of whether or not anything new about these algebras can be obtained by "fuzzifying".
We assume knowledge of BCI, BCK and MV-algebras and refer the reader to [1,4,5,11,15,19,24 27 ] for full details. We shall generally adopt the notation and terminology of [11, 13, 14, 17, 18] . By the nature of these algebras, anything we prove for BCI-algebras will be true of BCK-algebras, and results for BCKalgebras will be true for MV-algebras.
We briefly review the concepts of these algebras that we need and also the basic concepts of fuzzy logic required. A BCI-algebra is a non-empty set X with a constant 0 and a binary operation • satisfying the following axioms: (1) {(x,y) * (x, z)} • (z,y) = 0, (2) {x • (x • y) } • y = 0, (3) x *x = 0, (4) x*y = 0 and y*x = 0 imply that x =y, (5) x * 0 = 0 implies that x = 0.
We can define a partial ordering ~< on X by putting x ~<y if and only if x *y = 0. Further, if every element x of X satisfies x >~ 0, then X is a BCK-algebra. If a BCK-algebra satisfies the axiom x * (x * y) = y * (y * x), then it is called commutative. In this case x * (x * y) is the greatest lower bound x A y of x and y. If a commutative BCK-algebra Y has a largest element 1 (and this can also occur even if Y is not commutative), then the least upper bound x v y ofx and y is given by xVy = 1 * {(1 *x) A (1 *y)}. A bounded commutative BCK-algebra is then a distributive lattice. Observe that if a BCI-algebra is commutative, then it is automatically BCK. Similarly, if it is bounded, then it is also automatically BCK. We shall regard an MV-algebra as a bounded commutative BCK-algebra. The usual MV-algebra operations are given by = 1 • x, xy = x • ~ and x + y = (~ ~)-. We refer the reader to the references listed above for full details, in particular to [11, 26] .
An ideal of a BCI-algebra X is a subset I containing 0 and with the property that ifx *y E I and y E I, then x E I. It is shown in [11] , Theorem 2.1, that in the case of an MV-algebra, the ideals defined in the traditional way are precisely such ideals. An ideal I is implicative if whenever (x * y) * z E I and y • z E I, then x * z E I. A proper ideal I is maximal if whenever I c J with J being a proper ideal, then I = J. If Y is a commutative BCK-algebra, then a proper ideal I of Y is prime if whenever x A y E I then either x E I or y E I. An ideal I of a BCI-algebra X is closed if whenever x E I then 0 * x E I. Given a nonempty subset A of X, we denote the ideal of X generated by A by (A A congruence relation C on X is an equivalence relation on X such that if (x,y) and (a, b) E C, then (x • a,y* b) c C. In case X is quasi-commutative, we shall establish a one-to-one correspondence between the closed ideals of X and the congruences of X, analogous to the one in the case of more traditional algebras.
In general, in Y we always have (x * y) * z ~< (x * z) * (y • z) for all x, y, z. We say that Y is positive implicative if we actually have (x • y) • z = (x • z) • (y • z). It follows by [25] , Theorem 8, that this identity holds if and only if we also have the identity (x * y) * y --x * y. In X, we can define by induction polynomials . Then we say that X is quasi-commutative of type (i,j;m,n) if Qij(x,y) = Qm,, (y, x) for all x, y (see [8, 10] for some results and other references to this topic). We shall say that X is quasi-commutative if it is quasi-commutative of some type (i,j; m, n). Observe that this is a generalization of commutativity since commutativity is just quasi-commutativity of type (0, 0; 0,0). However, while commutative BCI-algebras are always BCK, there are quasi-commutative BCI-algebras that are not BCK. It is shown in [25] , Proposition 5, that if Y is positive implicative, then it satisfies the identity {x* (y,x)} * (x,y)= {y*(y*x)}*(x,y).
Since {x*(y*x)}*(x*y) ={x*(x*y)}*(y*x), this means that positive implicative BCK-algebras are quasi-commutative of type (0, 1;0, l).
We now review some fuzzy logic concepts, referring the reader to [13, 14, 17, 18, 30] Then it is shown in [30] , Theorem 3, that :~ is a fuzzy ideal of X if and only if each c~t is either empty or is an ideal of X. These are the level ideals of :~. Thus given a fuzzy ideal 2 of X, we have, corresponding to t = 2(0), an ideal of X denoted byX;~ = {x E X I )~(x) = 2(0)}. By a fuzzy ideal ofa BCK or MV-algebra, we mean a fuzzy ideal of the underlying BCI-algebra. It is easily seen that if 2 is a fuzzy ideal of X and x <~y in X, then )~(x) ~> 2(y) (see [13] , Proposition 2.1(i)).
lfE is a subset of X, we denote the characteristic function of E by Xe-This is, of course, a function XE : X ---+ [0, 1]. If/is an ideal of X, it is easily checked that L is a fuzzy ideal of X and Xy, = I. If It is easily checked for such an algebra that an ideal I is prime if and only ifz~ is a fuzzy prime ideal (see [13] , Theorem 2.5).
Fuzzy ideals on MV-algebras
In this section we consider whether or not new information can be obtained about MV-algebras by "fuzzifying". In particular, we consider the properties of ideals being implicative, prime, essential, weakly essential and maximal, and their fuzzy analogues.
We first recall that in Z we always have (x * y) A (y * x) = 0 for all x,y E Z (see [11] , p. 566, Property (6)). In [14] , Theorem 2.15, we showed that v is fuzzy implicative if and only if Z,. is implicative.
Theorem 1. v is fuzzy prime it'and only if Zv is prime.
Proof. Suppose v is fuzzy prime. Then v :/ constant and hence Z,. is proper.
Thus either x E Z,. or y E Z,.. Conversely, suppose that Z,. is prime. Then Z,, is proper and hence v is non-constant. Since xAy<~x,y,
Vv(y,x)). But (x,y) A (y,x) = 0 E Z,. Hence either x,y E Z,. or y*x c Z,.,
Recall that a closed ideal I of X is an essential closed ideal if for every nonzero closed ideal J of X, we have I nJ ¢ {0}. In case I is an ideal of Z, we can re-state this in a more convenient fashion. Recall that irA is a non-empty subset of Z, then A= = {z E Z IzAa = 0 for all a E A}. This is an ideal of Z (see [18] , Theorem 2.2), and A C~A ± --~ or A AA ± --{0} if0 C A. Then an ideal 1 of Z is essential if and only if/± = {0}. We say that 2 is a fuzzy essential closed ideal of X if for all fuzzy closed ideals ~, of X such that X~ :~ {0}, we have X~ NX; ¢ {0}. Then it is shown in [14] , Lemma 3.2, that 2 is a fuzzy essential closed ideal if and only if X~. is an essential closed ideal of X.
We say that )o is normalized if 2(0) = 1. The normalization of a fuzzy ideal ~. of X is 7 given by 5(x) --~(x) + 1 -7(0). This is a normalized fuzzy ideal of X and X~ = X~. We define a partial ordering on the set of fuzzy ideals of X by ~< tq if x(x) ~</~(x) for all x E X. Then of course we always have ~ ~< ~. Let ~(X) denote the set of all normalized fuzzy ideals ~ of X such that 0 E image of ~. We say that 2 is a fuzzy maximal ideal of X if it is non-constant and ~, is a maximal element of (.¢=(X), ~< ). It is shown in [17] , Theorem 3.9, that every fuzzy maximal ideal of X is normalized and takes on only the values {0, 1 }. Further, if2 is fuzzy maximal, then 2 ;q (see [17] , Theorem 3.10). Observe that if ~ E ,~-(X), then X~ is a proper ideal~ Also ~ = ~.
Theorem 2. Suppose that v E F(Z). Then v i~ fuzzy maximal if and only if Z,, is' a maximal ideal.
Proof. If v is fuzzy maximal, then Z,. is a maximal ideal by [17] , Theorem 3.11. Conversely, suppose that Z,. is a maximal ideal of Z. Then by [17] [14] .
(2) This is Theorem 2.5 of [13] . Thus, once again, there is no difference between the listed fuzzy properties of v and Zz,. There is then the question if whether "fuzzifying" achieves anything. In some cases, it makes it easier to prove or discover results. In [13] , we proved that 2 is always fuzzy weakly implicative, that is, it satisfies 2((x * z) * z) ~> 2((x,y) ,z) AX(y,z) for all x,y,z EX. This implies that every ideal I of X is weakly implicative, that is, if (x*y)*zcI and y*zE1, then (x,z)* z E 1. The fuzzy result follows immediately from the definition of fuzzy ideals. Subsequent to this, we re-derived the corresponding result for ideals of X by "reverse-engineering", as for example, we did in [15] , Theorem 2.3, for Z.
We conclude this section with some further fuzzy properties of Z. 
Corollary 1. Suppose that 1 is' a proper ideal of Z. If I is" weakly essential and prime, then either I is essential or self-reflexive.
Proof. Take v = Z, and apply Theorem 5 and the above correspondences between the properties of Z,, and the fuzzy properties of v. Remark 1. Compare this result with Theorem 3.14 of [20] where we showed that if Z has no idempotent atoms, then any ideal that is weakly essential and prime is essential.
Fuzzy congruences
Following [28] , we make the following definition. Definition 2. A fuzzy equivalence relation on X is a fuzzy subset ~p of X x X satisfying 1. qo(x,x)= sup{q0(y,z) for all y,z E X} (reflexive).
~o(x,y) = ~o(y,x) (symmetric).

q)(x,y) >~ qo(x,z)/~ ~o(z,y) for all z E X (transitive).
Obviously q)(x,x) -~o(y,y) for all x,y E X. Also, of course, q~(x,y) >~ sup {qo(x,z)/~ qo(z,y) for all z E X} ~> cp(x,y) A q)(y,y) = ~p (x,y) , that is, ~o(x,y) = sup {q)(x, z) A (p(z,y) for all z ¢ X}. Given fuzzy equivalences q), ~9 on X, we write cp ~< ~9 if ~o(x,y) <~ ip(x,y) for all x,y E X. If C is a congruence relation on X, then it is easily checked that Zc is a fuzzy congruence relation on X. More generally, if E C X x X is an equivalence relation on X, then Z,~ is a fuzzy equivalence relation on X. Of course one would like to see other fuzzy congruence relations on X besides the characteristic functions.
Theorem 6. Let co be a .j'ilzz), equivalence relation on X. Then (p is a .fuzzy congruence relation if and only if qo(x • a,y * a) >~ (D(x,y) and o(b * x, b * y) >~ ~o(x,y) jbr all x, y,a,b ~ X.
Proof. If c/) is a fuzzy congruence relation, then (p(x,a,y*a)>~ o(x,y) A~o(a, a) = ~p(x,y), and similarly q)(b , x, b * y) >>-(p(x,y). Conversely, suppose that (o(x ,a,y,a) >~ q)(x,y) and (o(b* x,b* y) >1 ~o(x,y) for all x,y,a, b EX.
Then
for all
x,y,w, zEX Proof. We first show that it is a fuzzy equivalence relation on X. We have
is a fuzzy equivalence relation on X. We now check d(2)(x*a,y*a) and
r5()~)(a*x,a* y). We have rg'().)(x ,a,y,a)= ;t((x *a) ,(y*a)) A).((y*a)*
(x,a)) >~2(x*y) A20,*x )=rg(2)(x,y).
Similarly r~'(2)(a*x,a*y) >~c6'()~)
(x,y). Thus by Theorem 6, rg:(2) is a fuzzy congruence on X. Thus if we consider the subsets {characteristic functions of closed ideals of X} C {fuzzy closed ideals of X}, {characteristic functions of congruences on X} C {fuzzy congruences on X}, and apply Theorem 13 in caseX is quasicommutative, we have the following result. 
Proof. We observe that q)(x, Qo.o(x,y) ) = q)(x,x • (x . y) ) >~ ~p (x,x) A ~o(0,x .y) = ~o(x • y, O) >~ ~o(x • y, O) A (p(y • x, O) >~ ~p(x,y). Suppose that ~o(x, Qm,o(x,y))
